Walker et al.'s Magellan/Michigan/MIKE Fiber System (MMFS) survey identified 1355 red giant candidates in the dwarf spheroidal galaxy Sculptor. We find that the Gaia satellite will be able to measure the proper motions of 139 of these with a precision of between 13 and 20 km s −1 . Using a Jeans analysis and 5-parameter density model we show that this allows a determination of the mass within the deprojected half-light radius to within 16 per cent and a measurement of the dark matter density exponent γ to within 0.68 within that radius. If, even at first light, the Thirty Meter Telescope (TMT) observes Sculptor then the combined observations will improve the precision on these proper motions to about 5 km s −1 , about 5 years earlier than would be possible without Gaia, further improving the precision of γ to 0.27. Using a bimodal stellar population model for Sculptor the precision of γ improves by about 30 per cent. This suggests that Gaia (with TMT) is capable of excluding a cusped profile of the kind predicted by CDM simulations with 2σ (4σ ) of confidence.
I N T RO D U C T I O N
According to the standard cosmological model, most of the matter in the Universe is cold dark matter (CDM), which at long distances only interacts gravitationally. Direct and indirect dark matter detection experiments are a major industry and so far have rapidly excluded large regions of the CDM parameter space, as has the Large Hadron Collider. However such tests can only confirm CDM, any such attempt to falsify this paradigm can be evaded by finetuning. On the other hand, CDM makes falsifiable predictions for the density profiles of sufficiently dark matter dominated systems. They must fall as 1/r 3 at large radii and as at least 1/r at small radii, a scaling known as a cusp. While there is little consensus over just how much dark matter domination is sufficient, studies such as Governato et al. (2012) and Pontzen & Governato (2014) suggest that galaxies with stellar masses beneath about 10 6.5 − 7 M should be cusped while Penarrubia et al. (2012) argues that energy conservation implies that baryonic effects cannot remove cusps in the Milky Way's dwarf spheroidal (dSph) satellites except under quite special circumstances. Thus the discovery that a dSph is cored, not cusped, would pose a strong challenge to CDM.
In this Letter, following a strategy similar to that of Strigari, Bullock & Kaplinghat (2007b) , we determine just when it will be known whether the dSph Sculptor, with a stellar mass of E-mail: jarah@impcas.ac.cn 2.3 × 10 6 M , is cored. Common wisdom states that one need first wait 10 years for a 30 metre class telescope, such as the Thirty Meter Telescope (TMT), to observe such a galaxy. Then one measures the positions of the stars, waits five more years and observes again. This yields proper motions of hundreds or thousands stars at a precision of about 4 km s −1 , allowing a clean resolution to the cusp/core problem around 2030. We will argue that the Gaia satellite can yield a 2σ hint of the cored/cusped nature of Sculptor within 5 years and then, when its position measurements are combined with TMT's first observations of Sculptor in under 10 years, a definitive exclusion of a cusped profile will already be possible.
A S T RO M E T R I C P R E C I S I O N S
In Walker, Mateo & Olszewski (2009a) the authors report the observation of 1541 objects in the part of the sky occupied by the dSph Sculptor, as part of their Michigan/MIKE Fiber System (MMFS) survey using the Magellan/Clay Telescope.
1 Of these, we consider the 1355 objects for which they assign a 90 per cent or greater membership probability in Sculptor. For each object they provide the V magnitude and the I magnitude, which we identify with the Johnson-Cousins magnitude I C . We use these to calculate the Gaia ×0.526 (0.986
There are also position-dependent corrections to this precision. Using the location of Sculptor and the precision corrections expected, we find an improvement in this precision of roughly 7 μas yr −1 (14 μas yr −1 ) at G = 17 (G = 18) corresponding to an improvement of nearly 20 per cent over the average precision (de Bruijne et al. 2015) of 39 μas yr −1 (72 μas yr −1 ). In our calculations below we conservatively approximate this improvement to be 15 per cent and so the final precision with which proper motions can be measured is
This function of G is drawn in Fig. 1 for a typical colour V − I. As is explained in de Bruijne (2012), at Sculptor's ecliptic latitude of 36.
• 5 south this improvement is a combination of a geometric parallax factor and a higher than average number of transits. However, the number of focal plane transits is also unusually high for Sculptor's ecliptic latitude, as a result of its longitude and Gaia's transit pattern. Assuming a distance to Sculptor of 79 kpc (Mateo 1998) , the resulting proper motion precisions are summarized in the top panel of Fig. 2 .
We will also determine the precision with which the proper motion can be obtained by Gaia including a survey of Sculptor by TMT in 2022 out to a radius of 700 pc using 10 s exposures of InfraRed Imaging Spectrometer (IRIS). This will allow an astrometric precision of better than 20 μas down to magnitude K AB = 20, which includes the stars whose positions are well-measured by Gaia. IRIS has recently be redesigned to have a 34 arcsec × 34 arcsec field of view, so the required observing time will be 25 h. In our analysis below, we make the conservative assumption that the astrometric precision at TMT will be precisely 20 μas, whereas Gaia determines positions with a precision of 1.41σ m p μ. The combination of Gaia and TMT separated by 6 years, therefore, determines the proper motion with a precision of leading to the precisions summarized in the bottom panel of Fig. 2 . One observes that the inclusion of TMT improves the astrometric precision by about a factor of 4, an approximation which we will adopt in our analysis. We have verified that, as the astrometric precisions are now smaller than the dispersion, the uncertainty with which the velocity dispersion can be measured is reasonably insensitive to these precisions.
M E T H O D O L O G Y
Given the line-of-sight velocities of the 1355 members in the MMFS catalogue and proper motions measured with the precisions shown in Fig. 2 . (1) To what extent can Sculptor's dark matter density profile be determined? (2) To what extent could the CDM paradigm in principle be falsified?
While there are many approaches to this problem in the literature, such as Walker & Penarrubia (2011) , Agnello & Evans (2012) , Richardson, Spolyar & Lehnert (2014) , our approach to these questions will be similar to that of Strigari et al. (2007b) . While we still use an assumed stellar profile to determine the expected dispersion, we perform our fit using stars in the MMFS catalogue with, as described above, proper motions determined with a precision given by equation (2.3). The dark matter profile ρ(r) is assumed to lie in a 5-parameter family, corresponding to the generalization (Zhao 1996) of the Hernquist profile (Hernquist 1990 )
where r is the distance from the centre of Sculptor. We assume both a constant orbital anisotropy
and a spherical halo. Strigari et al. (2007b) find that the effect of the first assumption is minimal. In Hayashi & Chiba (2012) the authors used the axisymmetric Jeans equation to determine the elipticity of six nearby dSphs, including Sculptor. They found that not only are these systems not spherically symmetric, but in fact their ellipticities are far higher than those found in CDM simulations. However, this
What can Gaia/TMT say about Sculptor's Core? L43 study assumed that the radial and major-axis velocity anisotropies are equal, which in the spherical case is equivalent to assuming a vanishing anisotropy β. Indeed, the effect of ellipticity on the lineof-sight velocity dispersion, as described by the authors, is quite similar to that obtained by varying β. Thus it seems likely that the statistical significance of these high ellipticities would be greatly diminished were the restriction on the anisotropies relaxed. This effect will be compounded by relaxing their other assumptions, such as the parallel orientations of the dark matter and stellar distributions. None the less, the results of Hayashi & Chiba (2012) demonstrate that non-spherical CDM haloes do provide a systematic modification of the dispersion profiles. This shifts the halo parameters obtained using the spherical Jeans equations. Our goal is not to obtain the parameters themselves, but merely to determine the precision with which they can be determined. By assuming that the haloes are spherical, we will obtain only a lower bound on the uncertainty on the halo parameters. The true uncertainty will be increased by the degeneracy between the spherical halo parameters and the anisotropy parameters. If only line-of-sight velocities are available, this degeneracy is a serious problem, invalidating such an analysis. In a future paper, we will show that with sufficiently precise measurements this degeneracy can be broken using, in particular, the azimuthal dependence of all of the velocity dispersions. However, given Gaia's expected precision we expect that this degeneracy will nonetheless increase the uncertainties in the halo parameters somewhat beyond those reported below.
We obtain the radial-dependence of the radial velocity dispersion σ 2 = v 2 (r) by integrating the Jeans equation
where M(R) is the integrated mass within the radius R, approximated to be just the dark matter mass. ρ s (R) is the 3D stellar density at a radius R, not just the density of the stars in the catalogue, which is taken to follow a King profile (King 1962 ) with core radius r k = 0.28 kpc and tidal radius r t = 1.63 kpc (Strigari et al. 2007a ). The observed line of sight, radial and tangential dispersions can be found by integrating (3.2) over the line of sight
where ρ 2 2D (r) is the stellar density integrated along the line of sight at r, the distance from the centre of Sculptor in the transverse plane.
To determine the precision with which the mass profile can be determined, we use the Fisher matrix
where the index i runs over the stars in the MMFS catalogue, the index n runs over the 3 directions los, r and t, r i is the projected distance from the centre of Sculptor to the ith star, θ a are the five parameters of the dark matter mass model (3.1) and σ m i,n is the measurement uncertainty on the nth component of the velocity of the ith star. The line-of-sight measurement uncertainties are taken to be 1 km s −1 . The derivatives with respect to the parameters θ a are evaluated at the fiducial NFW model (Strigari et al. 2007a ) We will consider two quantities q. The first is M(r 1/2 ), the mass within the deprojected half-light radius r 1/2 = 375 pc. Using the Jeans equation, this can be determined directly from the stellar density profile and radial velocity dispersion at r = r 1/2 , their derivatives, and β and so is quite robust to different choices of dark matter density profile (Walker et al. 2009b; Wolf et al. 2010 ).
The second is
which is essentially a weighted average of the exponents of the r-dependence of the density at radii between 0 and r. Note that, in the case of a power law ρ(r), it yields the logarithmic slope. In general it depends on the derivative of M(r), which is determined less precisely than M(r) itself, but unlike standard definitions it does not directly depend upon the second derivative of M(r) and so is nonetheless fairly well constrained. Below we will report the fractional uncertainty in M(r 1/2 ) and the total uncertainty in γ (r 1/2 ). These quantities will be determined in six cases. The first case just uses the line-of-sight velocities. In the second case we impose the condition c = 3 by adding a large number to F cc . This condition is satisfied by both cold and warm dark matter models, and in fact by any particulate dark matter model with no non-gravitational long range interactions. Thus, while it is certainly less general, if one is interested in testing CDM then it suffices to impose c = 3 and test to see if γ ∼ −1 as is suggested by dark matter simulations with the low baryonic content of the Sculptor dwarf.
In the next two cases, we include proper motion measurements from Gaia's 5 year mission, as has been described above, with and without the condition c = 3. In the last two cases, we add a survey of Sculptor by the TMT in 2022.
R E S U LT S A N D D I S C U S S I O N
These results are all summarized in Table 1 . We have also tried including estimates of r 0 and ρ 0 from CDM simulations, as summarized in Strigari et al. (2007a) . With these constraints we find that Gaia can determine γ (r 1/2 ) with a precision of 0.57.
In the standard CDM paradigm one expects (Governato et al. 2012; Pontzen & Governato 2014 ) that a dark-matter-dominated galaxy with the luminosity of Sculptor will have γ equal to about −1 whereas other dark matter models, such as a Bose-Einstein condensate or giant monopole model, suggest γ closer to zero. If γ indeed is close to zero, then by assuming the CDM condition c = 3 and measuring γ ∼ 0 one may hope to exclude CDM with 2σ of confidence when the Gaia mission is completed in 5 years and with 4σ of confidence when TMT begins observing in a decade. One should note however that the CDM simulations on which these conclusions rest consider field galaxies, of which Sculptor is not an example. In Tolstoy et al. (2004) it was observed that the Sculptor dwarf contains at least two ancient populations of stars, a metal-rich population near the centre and a more spatially extended metal poor population. In Walker & Penarrubia (2011) the authors found that the stellar density and metallicity distribution is well fit by the sum of two Plummer profiles of projected half-light radii 167 and 302 pc, having 53 and 47 per cent of the members, respectively. We have redone our analysis using this bimodal stellar profile and have found a notable improvement in the precision with which γ can be measured, as is summarized in Table 2 .
Of course TMT and Gaia will also measure the relative positions of stars not included in the MMFS survey. This will increase the precisions reported here. In particular, the MMFS survey does not include many stars at high radius which, even with low membership probabilities, would help to break some degeneracies in the profile parameters. Membership will, after all, be easier to establish once the proper motions are known. In future it would be useful to have observations of large kinematic samples which extend to large radii.
If one trusts the equilibrium approximation even for fourth moments of the velocities, then these may be included without introducing any new free parameters following the strategy of Richardson & Fairbairn (2014) . Alternately, as this strategy introduces more observables without increasing the number of unknowns, the proper motion measurements may be used to test the consistency of the fourth order equilibrium analysis, which may in turn shed light on Sculptor's formation.
Observation of a core in Sculptor cannot rule out Weakly Interacting Massive Particles (WIMPs) nor place interesting bounds on their interactions, this would require the observation of a core in an ultrafaint dwarf (UFD). Gaia cannot precisely observe sufficiently faint stars to help TMT with this goal. However, in Killivayalil et al. (2015) the Hubble Astrometry Initiative has been proposed in which Hubble would precisely measure the locations of stars in UFDs so that future observatories, such as TMT, may determine their proper motions. This suggests that deep observations of the Bootes I UFD by Hubble followed by observations by TMT will provide a powerful test of the WIMP paradigm.
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